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Abstract 

In this work we use the method of consistent deformations of the master equation 
by Barnich and Henneaux in order to prove that an abelian topological coupling 
between a zero and a two form fields in D=3 has no nonabelian generalization. We 
conclude that a topologically massive model involving the Kalb-Ramond two-form 
field does not admit a nonabelian generalization. The introduction of a connection- 
type one form field keeps the previous result. 
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Antisymmetric tensor gauge fields coupled to abelian or nonabelian gauge 
fields has been studied during the last decade. In particular, four-dimensional 
BF models has been extensively investigated in different contexts (see Ref. 
[1] and references therein). Besides supergravity and string theories [2], two 
form fields play an important role in topological mass generation mechanism 
to Kalb-Ramond fields [3,4]. Indeed, a nonabelian theory involving an an- 
tisymmetric tensor field coupled to a gauge field appears as an alternative 
mechanism for generating vector bosons masses, similar to the theory of a 
heavy Higgs particle [5]. Therefore analysis of nonabelian topological terms 
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deserves some attention. It is worth to mention a generalization to a compact 
nonabelian gauge group of an abelian mechanism in the context of nonabelian 
quantum hair on black holes [6]. 

Using the technique of consistent deformation, Henneaux et al. [7] , have proved 
that is not possible to generalize the four dimensional topological mass mech- 
anism to its nonabelian counterpart with the same field contents and fulfilling 
the power-counting renormalization requirements. In this way, they put in 
more rigorous grounds the need to add an auxiliary field. 

Let us begin by presenting a recently proposed abelian three-dimensional ac- 
tion with a topological term involving a two-form gauge field B^ v and a scalar 
field up [8]: 

SL = Jd 3 x [^H, ua H^ + ^tpPtp + ^e^B^d^ , (1) 

where H^ ua is the totally antisymmetric tensor H^a = d^B^+daB^+duB^. 
The action (1), is invariant under the transformation 

5(p = 0, SB^ = d [lx uj v] . (2) 

The model described by action (1) can be consistently obtained by dimensional 
reduction of a four-dimensional B AF model if we discard the Chern-Simons- 
like terms [8]. 

The purpose of the present note is to prove that there is no power counting 
renormalizable nonabelian generalization of the action (1). We begin making 
an analysis of the possibility to construct the nonabelian action with ip — > ip a 
and B^ — > B a , i.e, with the same field content, and the same number of local 
symmetries, by making use of the method of consistent deformation [9]. As 
will be proved, there is a no-go theorem for this construction. The same occur 
with an introduction of a connection-type one form gauge field. 

Let us now apply the consistent deformation method described in [9]. We 
shall start therefore with the following invariant action 

So = Jd 3 x {^H; ua H^ + i^w) , (3) 

where now (p a and H^ va are scalar fields and the abelian curvature tensor for a 
set of iV fields. All fields are valued in the Lie algebra Q of some Lie group G. 
Since we are interested if the mass term can exist in a nonabelian extension of 
(1), the mass parameter will be considered as a deformation parameter. The 
action (3) is invariant under the transformations 

5uo a = , 5B* = - d v u a (4) 
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Since the transformation of B^ u is reducible, we introduce a set of ghosts 
(77^, p a ), where 77° is a ghost for the gauge transformation of B® u , and p a 
the ghost for ghost for taking into account this reducibility. For all fields of 
the model we introduce the corresponding antifields (B™,(p* a ,r]™,p* a ). The 
antifields action reads 

S' ant = Jd 3 x QiT^X] + ^ a d» P a ) . (5) 

The free action 

So = 5*0 + S'anV (6) 

is solution of the master equation 

(So, S ) = 0, (7) 

with 

fc c\_ fj3 [SS 5S 1 5S SS SS 5S 5S 5S \ 
[b , ^oj - a x I 7-77-^7 + o r Dnitv x D*a + 77777777 + 



8(p a 5(p* a 2 5BW SB™ 5r] a ^5r]* a 5p a 5p* a J 
The nilpotent BRST transformation s on all fields and antifields is 

s V a = , sy?* = -d 2 (f , 

sB; u = d^l - d v rft , sBT = -d p H^ , 

svZ = d,p a , sq? = d p B*w , (9) 

sp a = , sp* a = -dtf? . 



We show in the table (1) below, the canonical dimension and the ghost number 
for all fields and antifields of the model. 

Having the ghost number and dimension of all fields and antifields at hand, we 
are now able to solve our problem using the consistent deformation method. 
The action (6) will be deformed to a new action S in powers of the deformation 
parameters: 

S = So + 9iSi + J2 9i9jSij H , (10) 
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P a 








p* a 










1 


2 


-1 


-l 


-2 


-3 


dim 


1/2 


1/2 


-1/2 


-3/2 


5/2 


5/2 


7/2 


9/2 



Table 1 

Ghost numbers and dimensions. 

where S{,Sij.. are local integrated polynomials with ghost number zero and 
dimension bounded by three, and gi are the deformed parameters with non- 
negative mass dimension. The action (10) must satisfy the master equation 



(S, S) = 0. 



(11) 



Expanding the master equation (11) in powers of the deformation parameters, 
we have 



(5 .5 ) = 0, 

(5 .51) = 0, 
2(S ,S-) + (S i ,S,) = 0. 



(12) 
(13) 
(14) 



The equation (12) is the master equation for the So, and it does not give any 
additional information. The equation (13) tell us that S« has to be a BRST 
invariant under (9). We must neglect BRST exacts, since this correspond to 
fields redefinitions. The last equation (14) is satisfied only if the antibracket 
(Si, Sj) is a trivial cocycle. 

Let us now construct all Sj solution of equation (13). First we focus our atten- 
tion to terms that do not deform the gauge symmetry, i.e, terms constructed 
with the fields only. Due to trivial BRST transformation of (p a , the all possible 
terms with this field are 

Sx = Jd 3 x (a a (p a ) , S 2 = Jd 3 x (a ab (p a (p b ) , (15) 
S 3 = Jd 3 x (a abc (p a (p b (p c ) , S 4 = (^Jd 3 x a abcd ip a ip b ip c ip^ , (16) 

S 5 = Jd 3 x (a abcde (p a ip b (p c (p d ip e ) , S & = jd 3 x (a abcdef (p a (p b (p c (p d (p e (p f ) , (17) 

where a's are parameters. The most general invariant local integrable terms 
that can be constructed with B a and (f a mixed are 

S 7 = Jd 3 x (m ab e^ a H aixva ip b ) , S 8 = Jd 3 x (m abc e^ a H aiIuaVbVc ) (18) 
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Sg = jd 3 x {m abcd e^ va H a ^ va if b if c if d ) , (19) 

with m ab having dimension of mass, m abc of dimension 1/2 and m abc d as a 
dimensionless parameter. 

Observing the table (1), it is easy to see that it is impossible to construct in- 
variant local integrated polynomials with dimension bounded by three with the 
antifields. This means that the algebra of the gauge symmetry is undeformed, 
i.e., we do not have a nonabelian generalization of the action (1), the only 
possibility being with an introduction of extra fields or non-renormalizable 
couplings. 

Let us now introduce a set of abelian vectorial gauge field in order to implement 
the possible nonabelian generalization of (1). We take the mass dimension of 
all vector fields equal to one. Therefore, those fields assume a non-dynamical 
character. The BRST transformations are 

sA^ = d,c\ sc a = 0, (20) 

where c a are the ghost for the abelian transformation of A a . We must add to 
the action (6) the corresponding antifield action 

S'Lt = jd'x A^c a . (21) 

The new antifields have the following BRST transformations 

sA™ = 0, sc* a = d^A*^ . (22) 

We show in the table (2) below the ghost number and dimension for the new 
fields (antifields). 





Aa 


c a 




c* a 







1 


-1 


-2 


dim 


1 





2 


3 



Table 2 

Ghost numbers and dimensions. 



The all possible invariant integrated local polynomials that can be constructed 
with all fields and antifields are 

Sio = 9 Jd 3 x f abc (ip* a ip b c c - d^(p a (p b A c ^) , (23) 
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S 12 = hjd 3 x k abc (a*A%c c - l -c* a c h c^ , (25) 

where g, h are dimensionless parameter, \x is a matrix with dimension 3/2, 
and fabc{k a bc) are dimensionless parameters antisymmetric in its first(last) 
two indices. Now we perform the calculation of the antibrackets (Si, Sj), with 
i,j = 1,2, •••12, in order to fit the second order consistency condition. As 
we have already seen above, these antibrackets must be a BRST exact. The 
antibrackets (S m , S n ), for n, m — 1, 2, . . . , 9 are identically zero, due to absence 
of antifields in S n , n = 1,2, ... ,9. The antibracket (S'10, S w ) is 



(Sio, S 10 )=g 2 Jd 3 X fabcfab'c' {tPvVbCcPd + ^[hO^^A^C^ 

-ys (^Jd 3 x fabcfab'c' fbfv A^A^j , (26) 

where, y?[6<9 M (/?f/] = (p b d^(p b > — tpyd^tph- The first term in (26), is not a BRST 
trivial and it could jeopardize the nonabelian implementation. In order to 
circumvent this, we must have the identification hk abc = gfabc, and f a bc being 
the structure constant of a Lie group. Therefore the Sio and are replaced 
by the sum 

S' 10 = g Jd 3 x f abc (V Vc c - d'VV^i + A* a A b »c c - ^c* a c b c c ^j . (27) 
It is easy to see that now (S' 10 , S' w ) is BRST trivial 

( S 10> S 'w) = (/^ fabcfab'c' <Pb<Pb>A clx A^ . (28) 

The antibrackets (S[ ,S n ), with n = 1,2,..., 6, give us constraint for the 
parameters a: a a = a abc = a abcde = 0, a ab = ai5 ab , a abcd = a 2 5 ab 5 cd , a abcde f = 
a 3 S ab S c dS e f, i.e., only the terms ip 2 = (pa^a, (y? 2 ) 2 and (<p 2 ) 3 are permitted. The 
last antibrackets reads 

(S 11 ,S 11 ) = 0, 



(S' 10 , S u ) = g Jd 3 xf abc fi ab > (pvVtVc + Pb'A* b ^A£ - p b 
-Vb' d ^bVc - Vb' A tn c c) , 



•' c b c c 



(29) 



(S' W ,S 7 ) = g jd 3 x f ab cm b 'a£nvaH$ ua ip b c c , 



(S' w , S 8 ) = g jd 3 x fabc(m b i c i a + mv ac >)e liva H£'' a (p b (p c >c c , 
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{S' 1Q , Sg) — g d 3 X fabcijnb'c'd'a + rflb'c'ad 1 + 1TT'b'ac'd')£ f iuaH^ Ua ip b ip c '(p d iC c . 



The last four antibrackets are not BRST trivial, representing thus an obstruc- 
tion to the deformation of the master equation. The only way to remedy this 
is setting g — 0, or setting S 7 = S$ = S 9 = Sn = 0. In the case g = we 
have lost the deformation of the abelian algebra, i.e, we have a set of abelian 
fields not representing a nonabelian generalization of (1). In the case in which 
SV = 0, we have lost the mass generation of the model. We have thus proved 
that there are no nonabelian generalization of the action (1), even with an 
addition of an auxiliary vector gauge field. 

It is interesting to remark that the introduction of an one form gauge connec- 
tion A is required to go further in the nonabelian generalization of our model 
(1), although our original abelian action (1) does not contain this field. 

We can quote some works that built some kind of nonabelianization of the 
model under consideration. However, the work of Oda and Yahikozawa [10] as 
well as the work of Smailagic and Spallucci [11], have considered the connection 
one form A as a flat background field (so imposing an extra constraint in the 
model). On the other hand, Del Cima et at. [12], have studied the finiteness 
of a three-dimensional extension of the BF model, called BFK model, which 
does not have kinetic term for the antisymmetric gauge field (this term violate 
the nonabelian gauge invariance which is straightforwardly implemented for 
vectorial fields). 

Motivated by possible nonabelian topological mass generation for a Kalb- 
Ramond field in three dimensions, we have considered deformations of a model 
involving a topological coupling between a second rank antisymmetric tensor 
field and a scalar field, using the method of consistent deformations. But an 
obstruction arise, leading us to a no-go theorem, namely, if we require power- 
counting renormalizable couplings and the same field content, the nonabelian 
extension for the model is forbidden. 
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